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TYPE III REPRESENTATIONS AND MODULAR
SPECTRAL TRIPLES FOR THE NONCOMMUTATIVE
TORUS
FRANCESCO FIDALEO AND LUCA SURIANO
Abstract. It is well known that for any irrational rotation number α,
the noncommutative torus Aα must have representations pi such that
the generated von Neumann algebra pipAαq
2 is of type III. Therefore,
it could be of interest to exhibit and investigate such kind of represen-
tations, together with the associated spectral triples whose twist of the
Dirac operator and the corresponding derivation arises from the Tomita
modular operator.
In the present paper, we show that this program can be carried out,
at least when α is a Liouville number satisfying a faster approximation
property by rationals. In this case, we exhibit several type II8 and IIIλ,
λ P r0, 1s, factor representations and modular spectral triples.
The method developed in the present paper can be generalised to
CCR algebras based on a locally compact abelian group equipped with
a symplectic form.
1. Introduction
The study of Connes’ noncommutative geometry grew impetuously in the
last decades, mostly motivated by possible applications in various fields,
among which we first mention Connes’ reconstruction theorem in classical
geometry, see [16]. The other potential applications we would like to point
out are in physics, in particular to the quantum Hall effect (e.g. [2, 46]),
and to the attempt to provide a model of equations which unifies the four
fundamental interactions known in nature. The reader is referred to [5] and
[15] for the explanation of the possible role of the noncommutative geometry
in solving the above mentioned fundamental problems that are still open and
not even satisfactorily understood.
According to Connes’ description of the commutative manifolds, the main
ingredient in noncommutative geometry is the so called spectral triple. It is
expected that a spectral triple would encode the most important properties
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of the underlying “noncommutative manifold”, such as algebraic, geomet-
ric, topological, metric, measure-theoretic aspects and many others. For
an exhaustive explanation of the fundamental role played by the spectral
triples in noncommutative geometry, the reader is referred to the seminal
monograph [14], the expository paper [12], and the literature cited therein.
In view of other potential applications of noncommutative geometry, very
recently it was pursued the program to exhibit twisted spectral triples for
which the Dirac operator and the associated derivation are deformed in a
suitable way. As explained in the seminal paper [19], it would be of interest
to implement such a twist by using directly the Tomita modular theory,
provided this is nontrivial. The twisted spectral triples considered in the
above mentioned paper were called modular. It is also clear that such mod-
ular spectral triples can play a role in constructing new noncommutative
geometries in a type III setting by emphasising the need to take the mod-
ular data into account. The modular spectral triples considered in [19] for
the noncommutative 2-torus were constructed by using inner and bounded
perturbations of the standard tracial state, therefore providing again type
II1 von Neumann factors. In fact, the reason for introducing this construc-
tion was to obtain a curved geometry from the flat one. Concerning this
aspect, the reader is referred to [21, 23, 41] for the investigation of the so
called Ricci flow and its noncommutative counterpart.
The main goal of the present paper is the preliminary but yet essential
step to provide examples of twisted spectral triples, which are naturally
constructed by using the Gel’fand-Naimark-Segal (GNS for short) represen-
tation of a C˚-algebra A relative to a normalised positive linear functional
(i.e. a state) with central support in the bidual, for which the generated
von Neumann algebra is a type III factor. For the reader convenience, we
recall the basic properties that a modular spectral triple should fulfil.
(i) The associated twist of the Dirac operator and the relative deformed
derivation should come directly from the Tomita modular operator
which, to include type III geometries, should be unbounded and not
inner (i.e. it should not come from an inner perturbation of the
canonical trace).
(ii) The Dirac operator suitably deformed with the modular operator as
mentioned above, should have compact resolvent at least for the so
called ”compact geometries”.
(iii) The unbounded deformed derivation associated with such a deformed
Dirac operator, acting on the set of bounded operators, should in-
clude in its domain sufficiently many elements, e.g. typically a dense
˚-algebra of the algebra describing the noncommutative manifold un-
der consideration.
The construction of modular spectral triples satisfying the requirements
listed above will be done in Section 9 for the noncommutative
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The previous properties (i)-(iii) are important, since they constitute the
minimal requirements for a spectral triple to encode the main metric (i.e.
the Connes distance formula), and measure theoretic properties (i.e. the
noncommutative counterpart of the volume form). We also mention the
possible pairing with the K-theory and the equivariant K-theory with the
corresponding local index formula. For such general aspects, the reader is
still referred to [12, 14] and the literature cited therein.
After accepting (i)-(iii) above as the starting point, the natural candidate
to construct examples of modular spectral triples will be a state ω on A
with central support spωq in the bidual A˚˚ of the C˚-algebra A, generating
a type III representation. Due to the fact that the modular operator will
be unbounded and not inner, such a construction appears quite difficult
and in fact, to the knowledge of the authors, only few examples of spectral
triples satisfying the minimal requirements outlined above are present in
literature, even for the noncommutative 2-torus. On the other hand, also
type III representations for such a pivotal example seem not to be explicitly
exhibited in literature. Thus, the other relevant step of the present paper is
to partially fill this gap, that is to exhibit examples of such representations
for the noncommutative 2-torus.
One of the most studied examples in noncommutative geometry is indeed
the noncommutative 2-torus Aα (see e.g. [8]), since it is a quite simple
model, though highly nontrivial. It is related to the discrete Canonical
Commutation Relations (CCR for short, see e.g. [10]). In fact, it can be
considered as a quantum deformation of the classical 2-torus T2, according
to the parameter α corresponding to the rotation of the angle 2πα entering
in the definition of the symplectic form involved in the construction. When
α is irrational, the C˚-algebra Aα is simple and admits a unique, necessarily
faithful, trace τ . Therefore, the associated GNS representation gives rise to a
von Neumann factor πτ pAαq2 which is isomorphic to the Connes hyperfinite
type II1 factor. It is the noncommutative counterpart of the von Neumann
group algebra L8pT2,m ˆ mq of the 2-torus, m being the Haar measure,
that is the normalised Lebesgue measure on the unit circle. In this case, as
Aα is not a type I C
˚-algebra, by the Glimm theorem (cf. Theorem 1 and
Theorem 2 in [27]), it must exhibit type III representations.
It is well known that one can associate to the canonical type II1 represen-
tation, an untwisted spectral triple based on an untwisted Dirac operator
chosen in a natural way. We also mention that there are other (untwisted)
spectral triples canonically associated to the various complex structures on
T2, see e.g. Section 1.4 of [19].
Having in mind the various potential applications to type III cases, in [19]
it was postulated the existence of twisted spectral triples whose Dirac opera-
tor, necessarily twisted, is used to define a twisted commutator. Such twists
involve directly the modular data, and the corresponding spectral triples
were called ”modular”. The construction was carried out by deforming the
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metric (i.e. the Dirac operator) through an inner and bounded perturbation,
directly on the representation associated to the trace.
However, the most common case for physical applications concerns type
IIIλ von Neumann algebras, λ P p0, 1s, describing temperature states at fi-
nite inverse temperature β P Rzt0u, apart from the ground state β “ 8
corresponding to the type I case and the infinite temperature state β “ 0
corresponding to the type II1 case, see e.g. [10]. Recently, in [3, 4, 25] similar
considerations concerning the type of the von Neumann algebras appearing
in quantum statistical mechanics have been generalised to disordered sys-
tems including the spin glass models.
To conclude with these preliminary observations, we notice that, while
the structure of the type II1 representation of the noncommutative torus
associated to the canonical trace is widely investigated, to the knowledge of
the authors the geometries arising from type III representations for which
the modular data plays a primary role, are not yet satisfactorily studied.
Among the works going towards this direction, we would like to mention the
recent papers [11, 13, 19, 22, 28, 29, 30, 42].
As a preliminary step, one of the aim of the present paper is then to exhibit
type III representations of the noncommutative torus Aα, at least in the case
when α is a Liouville number. More precisely, the construction is carried
out for any type II8 and IIIλ, λ P r0, 1s representation. Correspondingly, for
such representations we construct the canonically associated spectral triples,
suitably deformed by the Tomita modular operator.
Our construction is based upon the explicit knowledge of suitable diffeo-
morphisms f of the circle with rotation number ρpf q “ α such those con-
sidered in [43]. Indeed, by using the method described in [1] to construct
non regular representations for the CCR algebras, we shall consider states
ω such that the corresponding GNS representations generate von Neumann
factors isomorphic to a crossed product, that is
πωpAαq2 „ L8pT,dθ{2πq⋉β Z.
For such orientation preserving diffeomorphisms f of the unit circle as before,
β is the quasi invariant, free and ergodic action induced on functions g on the
unit circle by the corresponding action of f on points: βpgq “ g˝f ´1. For the
infinite cases, the type of the factor is then determined by the Krieger-Araki-
Woods ratio set relative to the dynamical system pT,dθ{2π, f q generated by
all iterates of the diffeomorphism f and its inverse f ´1.
We also note that to each of such diffeomorphisms, there corresponds
a probability measure on T, which is quasi invariant and ergodic under
the action of the irrational rotation 2πα, see below. On one hand, it was
proved (see e.g. [32, 33, 39, 40, 45]) the existence of plenty of measures on
the unit circle which are quasi invariant and ergodic under the action of the
irrational rotations. On the other hand, either the existence of such measures
exhibiting any preassigned ratio set is assured by general theorems, or either
such measures are explicitly exhibited without any control on the ratio set.
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However, examples of such diffeomorphisms are explicitly constructed in [43]
for each preassigned kind of ratio set, that is of type II8 or IIIλ, λ P r0, 1s.
Concerning the deformed Dirac operators and the deformed commutators
associated to such representations, we prove that such Dirac operators still
have compact resolvent, and in addition the deformed commutators still
admit a dense ˚-algebra in their domain, which is also closed under the
entire functional calculus. This is carried out at least in the case when the
involved Liouville number α satisfies a stronger approximation condition by
rationals. We note that, in order to provide a real map, our definition of the
deformed commutator slightly differs from the analogous one in [19].
Our investigation also relies on some results of self containing interest
concerning the asymptotic of the growth sequence Γnpf q of the circle dif-
feomorphisms f involved in the above construction. We note that, for the
diffeomorphisms we shall consider, Γnpf q is necessarily unbounded. It was
shown in Theorem 1 of [54] that Γnpf q “ opn2q. On the other hand, in Theo-
rem 2 of the above mentioned paper, for each diverging sequence an “ opn2q
there exists a diffeomorphism f of the circle without periodic points such
that Γnpf q „ an. Unfortunately, there is no information about the ratio set
of the diffeomorphisms constructed in [54], whereas in [43] no control about
the growth sequence is exhibited for examples considered therein. Our re-
sult combines both controls on the ratio set and the growth sequence. More
precisely, we show that all diffeomorphisms described in [43], for which we
have a precise information about the ratio set, have a growth sequence for
which Γnpf q “ opnq. Furthermore, it is possible to construct diffeomorphims
with the same method as in [43] corresponding to a preassigned ratio set,
and with growth sequence Γnpf q “ opln nq, provided that the involved Liou-
ville number satisfies the faster approximation condition mentioned above.
We also note that our construction of non type II1 representations might be
carried out also in diophantine case, by relaxing the smoothness properties
of the involved diffeomorphisms, see the corresponding discussion in Section
10.
To end the discussion about the noncommutative geometry relative to
the 2-torus, we would like to remark that it admits more classical and well
studied noncommutative geometries through the θ-deformations studied in
[18], see e.g. [55]. Concerning the general properties of θ-deformations, we
also mention the relevant reference [9].
In view of the potential applications of the noncommutative geometry to
physics (cf. [2, 5, 14, 22, 30, 42, 46]), we note that the method developed
in the present paper can be generalised to arbitrary CCR algebras based
on a locally compact abelian group equipped with a symplectic form, see
e.g. [57]. Concerning a well known particular case, we mention the CCR
algebra describing a physical system with n degrees of freedom (i.e. based
on R2n „ Cn equipped with the canonical symplectic form), for which it is
possible to construct type III representations in “apparent contradiction”
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with the celebrated Stone-von Neumann uniqueness theorem (cf. Corollary
5.2.15 in [10]).
The present paper is organised as follows. The introductory Section 2
contains the preliminary notations and definitions used in the sequel.
In Section 3, we recall the main properties of the diffeomorphisms con-
structed in [43] for any Liouville number α such that ρpf q “ 2α (the factor
2 is attached only for the matter of convenience, see below), crucial in our
analysis. We also prove two results needed in the sequel, which have a self
containing interest. Namely, for the diffeomorphisms f of the unit circle T
in Proposition 2.1 of the above mentioned paper, we show that their growth
sequence has a not too wild behaviour at infinity: Γnpf q “ opnq. In addition,
if α satisfies the faster approximation property by rationals UL introduced
below, one can construct diffeomorphisms as in Proposition 2.1 of [43] for
which Γnpf q “ opln nq. Therefore, for L and UL-numbers (L and UL stand
for Liouville and Ultra-Liouville, respectively), we have a joint control about
the ratio set and the growth sequence of the diffeomorphisms introduced in
Proposition 3.1, the last ones playing a crucial role in constructing non type
II1 modular spectral triples.
Section 4 is devoted to investigate the properties of a class of states ωµ on
the C˚-algebra A2α of the noncommutative 2-torus associated to the defor-
mation angle 4πα. Such states are constructed by considering a probability
measure µ on the unit circle T. In particular, for the rotation R of the angle
2πα, we show that if µ ˝Rn „ µ ˝R´n, n P Z, then the support of ωµ in the
bidual A˚˚2α is central (i.e. the cyclic vector ξω of the GNS representation is
also separating for πωµpA2αq2), and therefore ωµ exhibits a natural modular
structure. The GNS representation and the modular data for the states ωµ
as above are then explicitly described in Section 5.
Section 6 is devoted to determine the type of the von Neumann algebra
πωµpA2αq2, which is in fact an hyperfinite factor. In order to construct the
state ωµ, for any irrational α P p0, 1{2q we consider an orientation preserv-
ing diffeomorphism f P C8pTq with rotation number ρpf q “ 2α. Then it
is conjugate to the rotation 4πα through an essentially unique homeomor-
phism: f “ hf ˝ f ˝ h´1f . If α is diophantine, hf is also smooth (cf. [56]),
and therefore the unique invariant measure m ˝ h´1f is equivalent to the
Lebesgue measure m. Otherwise, if α is a Liouville number, we can find
cases for which m ˝ h´1f K m since hf might not be smooth. For all these
situations concerning a fixed diffeomorphism f as before, the states ωµ pre-
viously described will be associated to the measure µ :“ m ˝ hf . We then
show that
πωµpAαq2 „ L8pT, µq⋉R2α Z „ L8pT,dθ{2πq⋉β Z,
which is an hyperfinite von Neumann factor whose type is determined by the
ratio set rprµs, R2αq, or equivalently by rprms, f q, in the cases when is not
of type II1. In order to get non type II1 representations, it is then enough
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to look at the diffeomorphisms constructed in [43] for any preassigned ratio
set, whose main properties are collected in Section 3.
In Section 7, we study the deformation Dσ of the standard (i.e. un-
twisted) Dirac operator D by the Tomita modular operator. We then check
whether Dσ has compact resolvent, and show that this happens for all dif-
feomorphisms f of Section 3 because of the not too wild asymptotic opnq of
their growth sequence Γnpf q. By following the lines in [19], in Section 8 we
construct the remaining object of the spectral triple, that is the deformed
commutator Dσ associated to the deformed Dirac operator Dσ. Unfortu-
nately, due to an unavoidable obstruction, we see that such a deformed
derivation does not admit enough elements providing bounded operators
acting on the GNS Hlibert space Hω.
The construction of modular spectral triples arising from non type II1
representations is carried out in Section 9 by modifying the definition of the
underlying Dirac operator. When α is a UL-number, by the results in Sec-
tion 3, we can construct diffeomorphisms f with a preassigned ratio set, and
in addition a better control for their growth sequence (i.e. Γnpf q “ oplnnq).
This allows us to construct representations of preassigned type, and in ad-
dition Dirac operators with compact resolvent, and deformed commutators
such that there are sufficiently many elements in their domains.
The paper is complemented by two further sections. For the convenience
of the reader, Section 10 collects some open interesting problems, not only
directly connected to noncommutative geometry. Section 11 contains the
explicit computation of the (perhaps expected) fact that the dense ˚-algebra
for which the deformed commutator provides bounded operators, can be
chosen to be stable under the entire functional calculus.
2. Preliminaries
In the present section, we collect all notations and definitions which are
useful in the paper.
2.1. Preliminary notations. Let E be a normed space. We simply denote
by } ¨ } its norm whenever no confusion arises. In particular, }x} ” }x}H will
be the Hilbertian norm of the element x P H in the Hilbert space H. For a
continuous or measurable function f defined on the locally compact space
X equipped with the Radon measure µ, }f} ” }f}8 will denote the “sup” or
“esssup” norm of the function f , respectively. In addition, for an arbitrary
set X (i.e. equipped with the discrete topology), BpXq will denote the C˚-
algebra consisting of all bounded functions defined on it, equipped with the
natural algebraic operations and norm }f} ” }f}8 :“ supxPX |fpxq|.
Let X be a locally compact abelian group together with its dual grouppX (i.e. the group of continuous characters equipped with pointwise mul-
tiplication, reciprocal and the topology of the uniform convergence on the
compact subsets of X), with the Haar measures dx,dχ, respectively. The
Fourier transform and anti-transform of a function f P L1pX,dxq are defined
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as
fˆpχq :“
ż
X
fpxqχpxqdx, fˇpχq :“
ż
X
fpxqχpxqdx.
By the Riemann-Lebesgue lemma, if a, b P C˚pXq, the enveloping C˚-
algebra of the L1-convolution algebra of X, their convolution is a well de-
fined element a ˚ b P C˚pXq, whose corresponding Fourier transform and
anti-transform are functions in Cop pXq, the space of all continuous functions
on pX vanishing at infinity, satisfyingza ˚ bpχq “ aˆpχqbˆpχq, ~a ˚ bpχq “ aˇpχqbˇpχq.
Let T :“ tz P C | |z| “ 1u be the abelian group consisting of the unit
circle. It is well known that the dual topological group pT is isomorphic to
the discrete group Z. The corresponding Haar measures are dm “ dz
2piız
“ dθ
2pi
for z “ eıθ on the circle, and the counting measure on Z, respectively.
Let pX,Bq be a measurable space, together with two σ-additive measures
µ and ν on the σ-algebra B, which are supposed to be always σ-finite and
positive. If µ dominates ν in the sense of measures (e.g. Section I.4 of
[48]), we write ν ĺ µ. If ν ĺ µ and µ ĺ ν, then µ and ν are equivalent as
measures, and we write µ „ ν.
For an essentially bounded measurable function f on the measure space
pX,B, νq, the multiplication operator Mf is the closed operator acting on
L2pX,B, νq with domain
DMf :“
"
g P L2pX,B, νq |
ż
X
ˇˇ
fpxqgpxqˇˇ2dνpxq ă `8*,
defined for g P DMf as
pMfgqpxq :“ fpxqgpxq, x P X.
2.2. On measurable automorphisms. To simplify notation, we will de-
note by R the rotation by the angle 2πα (i.e. R ” Rα) whenever the
parameter α is fixed. Set µn :“ µ ˝R´n for each n P Z.
More generally, if f : Y Ñ Y is an invertible map on the set Y :
‚ f 0 :“ idY , and its inverse is denoted by f ´1;
‚ for the n-times composition, f n :“ f ˝ ¨ ¨ ¨ ˝ floooomoooon
n´times
;
‚ for the n-times composition of the inverse, f ´n :“ f ´1 ˝ ¨ ¨ ¨ ˝ f ´1looooooomooooooon
n´times
.
Thus, f n is meaningful for any n P Z with the above convention.
Recall that an automorphism f of a standard measure space pX,B, νq is
a bi-measurable bijection between two conull subsets of X such that the
pull-back measure satisfies ν ˝ f „ ν. The automorphism f is called ergodic
if any f -invariant measurable subset of X is either null or conull. When
the measure space pX,B, νq is fixed, we will just speak about an ergodic
automorphism f . If it is not of type I (i.e. ν is not purely atomic), any such
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an automorphism is further classified by the Krieger-Araki-Woods ratio set
(cf. [36]), denoted by rpf q Ă r0,`8q when the measure class rνs determined
by ν is fixed, or more precisely by rprνs, f q.
Consider a non type I automorphism f as above. It is said to be of
(ii) type II, if rpf q “ t1u.
Notice that this is the case if and only if ν „ ν0 for a (essentially unique)
σ-finite invariant measure ν0. It is said to be of
(ii1) type II1, if ν0 is finite,
(ii8) type II8, if ν0 is infinite.
In the remaining cases, it is said to be of
(iii) type III, if it is not of type II.
Furthermore, it is said to be of
(iii0) type III0, if rpf q “ t0, 1u,
(iiiλ) type IIIλ for some λ P p0, 1q, if rpf q “ λZ Y t0u,
(iii1) type III1, if rpf q “ r0,`8q.
Consider the natural action of Z on L8pX, νq generated by the automor-
phism f : βpgq :“ g ˝ f ´1 for g P L8pX, νq. For the crossed product
L8pX, νq⋉β Z, it is well known that S pL8pX, νq⋉β Zq “ rpf q, where SpMq
is the Connes spectral invariant of the factor M , see e.g. [20, 35, 37, 38].
We now specialise the matter to the unit circle. In this case, suppose that
for some real number α P p0, 1q, f “ h ˝Rα ˝ h´1 for some homeomorphism
h of the unit circle. Then ρpf q “ α, where ρpf q is the rotation number (e.g.
Section 11 of [31]) of the homeomorphism f . Conversely, for α irrational,
suppose that f is an orientation preserving C1-diffeomorphism with bounded
variation derivative, such that ρpf q “ α. Then
(A) f is topologically conjugate to the rotation Rα, that is
f “ hf ˝Rα ˝ h´1f ,
for a unique homeomorphism hf of T with hf p1q “ 1.
If α is diophantine and f is a sufficiently smooth diffeomorphism, hf is indeed
smooth, see e.g. [56].
The following fact is immediately true.
Lemma 2.1. Suppose that a homeomorphism f of the circle T is conjugate
to a rotation Rα according to (A). Then the homeomorphism of the circle
defined as
g :“ hf ˝Rα{2 ˝ h´1f
is a “square root” of f : g ˝ g “ f .
Given an irrational number which is not diophantine, it is possible to
prove that it is a Liouville number, that is it satisfies the condition (L)
below.
10 FRANCESCO FIDALEO AND LUCA SURIANO
(L) A Liouville number α P p0, 1q is a real number such that for each
N P N the inequality ˇˇˇˇ
α´ p
q
ˇˇˇˇ
ă 1
qN
has an infinite number of solutions for p, q P N with pp, qq “ 1.
(UL) Among Liouville numbers, we also consider those such that, for each
λ ą 1 and N P N, the inequalityˇˇˇˇ
α´ p
q
ˇˇˇˇ
ă 1
λq
N
again admits infinite number of solutions for p, q P N with pp, qq “ 1.
For details and proofs, we refer the reader to [31, 34] and the reference cited
therein.
Let d
dθ
“ ız d
dz
be the derivative w.r.t. the angle θ. If the “natural”
variable of f is z, then (with a little abuse of notation) we simply denote
by D the derivative w.r.t. its argument (i.e. D ” d
dz
). We refer to a C8-
diffeomorphism f : TÑ T simply as a “diffeomorphism” if is not otherwise
specified.
Given a C1-diffeomorphism f of the unit circle T, the growth sequence
tΓnpf q | n P Nu is defined as
Γnpf q :“ }Df n}8 _ }Df ´n}8, n P N.
We set
γpf q :“ sup
nPN
Γnpf q P R` Y t`8u.
If f is C1-conjugate to the rotation by some angle 2πα, then γpf q ă `8. As
pointed out before, this happens for C8-diffeomorphisms f with ρpf q “ α
whenever α is diophantine.
Suppose that β P p0, 1qzQ and f is an orientation preserving diffeomor-
phism with ρpf q “ β. In this case, the Denjoy Theorem asserts that there
exists a unique homeomorphism hf of the unit circle such that hf p1q “ 1
satisfying (A) for the rotation Rβ. Then
(2.1) µf :“ phf q˚m “ m ˝ h´1f ,
is the unique invariant measure, which is ergodic for the natural action
of f on T. For a diophantine number β, hf is indeed smooth and thus
µf „ m. For a Liouville number β, things are quite different. There are
diffeomorphisms as above for which the unique invariant measure phf q˚m is
singular w.r.t. the Haar measure m: phf q˚m K m. In order to exhibit type
III representations of the noncommutative torus A2α, we will actually look
at such diffeomorphisms, where β “ 2α. The use of the factor 2 is pure
matter of convenience, and will be clarified in the sequel.
To deal with Dirac operators on A2α, we must also look at the Haar mea-
surem on T. In fact, we begin by noticing that the sequence of the measures
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tm ˝ f n | n P Zu are all quasi equivalent, as f is a diffeomorphism. We then
compute the corresponding Radon-Nikodym derivatives in the following
Lemma 2.2. For any C1-diffeomorphism of the circle f , we have
(2.2)
dm ˝ f ´n
dm
pzq “ zpDf
´nqpzq
f ´npzq , n P Z.
Proof. The proof relies on an elementary change of variable. In fact, fix any
function h P CpTq, and set g “ f n. We then haveż
T
dm ˝ g´1pzqhpzq “
ż
T
dmpzqhpgpzqq “
ż
T
dz
2πız
hpgpzqq
“
ż
T
dw
2πıw
whpwq
g´1pwqpDgqpg´1pwqq “
ż
T
dz
2πız
zpDg´1qpzq
g´1pzq hpzq
“
ż
T
dz
2πız
zpDf ´nqpzq
f ´npzq hpzq .

We also notice the crucial fact that the Lebesgue measure m is ergodic
under the action of the C8-diffeomorphisms f considered in the present
paper, see e.g. Theorem 12.7.2 in [31].
2.3. The noncommutative 2-torus. For a fixed α P R, the noncommuta-
tive torus A2α associated to the rotation by the angle 4πα, is the universal
unital C˚-algebra with identity I generated by the commutation relations
involving two noncommutative unitary indeterminates U, V :
UU˚ “ U˚U “ I “ V V ˚ “ V ˚V,
UV “ e4piıαV U.(2.3)
We express A2α in the so called Weyl form. Let a :“ pm,nq P Z2 be a
double sequence of integers, and define
W paq :“ e´2piıαmnUmV n, a P Z2.
Obviously, W p0q “ I, and the commutation relations (2.3) become
W paqW pAq “W pa`Aqe2piıασpa,Aq,
W paq˚ “W p´aq, a,A P Z2,(2.4)
where the symplectic form σ is defined by
σpa,Aq :“ pmN ´Mnq, a “ pm,nq, A “ pM,Nq P Z2.
We now fix a function f P BpZ2q, which we may assume to have finite
support. The element W pfq P A2α is then defined as
W pfq :“
ÿ
aPZ2
fpaqW paq.
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The set tW pfq P A2α | f P BpZ2qwith finite supportu provides a dense
˚-algebra of A2α.
For α irrational, we recall that A2α is simple and has a necessarily unique
faithful trace τ given by
τpW pfqq :“ fp0q, W pfq P A2α.
Conversely, by Remark 1.7 of [8], any element A P A2α is uniquely deter-
mined by the corresponding Fourier coefficients
(2.5) fpaq :“ τpW p´aqAq, a P Z2.
The relations (2.4) transfer to the generators W pfq as follows:
W pfq˚ “W pf‹q, W pfqW pgq “W pf ˚2α gq,
where
f‹paq :“ fp´aq,
pf ˚2α gqpaq “
ÿ
APZ2
fpAqgpa´Aqe´2piıασpa,Aq.
It is then easily seen that, for each fixed n P Z, f pnqpmq :“ fpm,nq defines
a sequence whose Fourier anti-transform}f pnqpzq :“ ÿ
mPZ
fpm,nqzm
provides a continuous function }f pnq P CpTq.
From now on, we tacitly assume that α P p0, 1{2q is always irrational.
Moreover, in order to get type III representations and the corresponding
modular spectral triples, we shall restrict the matter to Liouville numbers
(L), possibly satisfying the stronger approximation condition (UL) when
necessary, even if the general part of the present analysis works for general
irrational numbers α P R.
2.4. Modular spectral triples. Concerning the usual terminology, the
main concepts and results in operator algebras theory such as Tomita mod-
ular theory and so forth, the reader is referred to [10, 50, 52] and the reference
cited therein.
For the convenience of the reader, we report the following well known fact
whose proof can be found in pag. 15 of [47].
Proposition 2.3. Let ϕ P A˚` be a positive linear functional on the C˚-
algebra A, together with its GNS representation pHϕ, πϕ, ξϕq.
Then ξϕ is cyclic for the commutant πϕpAq1 if and only if the support spϕq
in A˚˚ is central: spϕq P ZpA˚˚q.
For the C˚-algebra A, we denote with SpAq Ă A˚` the set of the states,
that is all positive normalised functionals on A.
Let ω P SpAq with spωq P ZpA˚˚q. Then
πωpaqξω P Hω ÞÑ πωpa˚qξω P Hω
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is well defined on the dense subset
 
πωpaqξω | a P A
( Ă Hω, and closable.
The polar decomposition of its closure Sω, named the Tomita involution,
is usually written as Sω “ Jω∆1{2ω , where Jω and ∆ω are the Tomita con-
jugation and modular operator, respectively. We shall drop the subscripts
whenever the state ω is fixed once for all.
We introduce the definition of (even) modular spectral triple that we will
use in the sequel, which is slightly different from the analogous one in [19].
For general aspects and some natural applications of spectral triples, we
refer the reader to [12, 14, 53] and the references cited therein.
Definition 2.4. A modular spectral triple associated to a unital C˚-algebra
A is a triplet pω,A, Lq, where ω P SpAq, A Ă A is a dense ˚-algebra and L
is a densely defined closed operator acting on Hω, satisfying the following
conditions:
(i) spωq P ZpA˚˚q;
(ii) the deformed Dirac operator
Dσ :“
ˆ
0 ∆´1ω L
L˚∆´1ω 0
˙
acting on Hω‘Hω uniquely defines a selfadjoint operator with com-
pact resolvent: Dσ is densely defined essentially selfadjoint with`
1` pDσq2˘´1{2 compact;
(iii) for each a P A, the deformed commutator
D
σ
L
`
πωpaq
˘
:“ ı
ˆ
0 ∆´1ω rL, πωpaqs
rL˚, πωpaqs∆´1ω 0
˙
uniquely defines a bounded operator: DDσ
L
ppiωpaqq “ Hω ‘Hω and
sup
 ››DσL`πωpaq˘ξ›› | ξ P DDσLppiωpaqq, }ξ} ď 1( ă `8;
(iv) πωpAqDL Ă DL, πωpAqDL˚ Ă DL˚ .
The closure of the Dirac operator in (ii) will be also denoted as Dσ with
an abuse of notation.
Concerning the question of whether a spectral triple determines a Fred-
holm module (e.g. [14]), it is customary to add the additional condition (iv)
in the definition of spectral triple. We would like to point out that, although
the situation is well clarified in the untwisted case in [26], in the situation
treated in the present paper it is still unclear what should be the conditions
to obtain a Fredholm module from a modular spectral triple fulfilling the
properties in Definition 2.4. Indeed, it might be necessary to use a definition
that is based on some suitable twisting. We do not want to pursue to much
these relevant aspects, and postpone a more detailed analysis somewhere
else.
We end by pointing out that, even if the terminology “modular spectral
triple” is used in slightly different contexts (e.g. [11]), we still call “modular”
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a spectral triple fulfilling the properties in Definition 2.4 in accordance to
the analogous one in Section 1 of [19], to which our definition is widely close.
The reader is referred to Section 8 for the explanation of the appearance of
condition (iii) above, which is slightly different from the analogous one in
the above mentioned paper [19].
3. On the diffeomorphisms on the circle
In the present section, we report some useful results listed in Proposition 2.1
of [43] concerning diffeomorphisms of the unit circle topologically conjugate
to a rotation by 2π-times a Liouville number α, that is a number satisfying
condition (L). In the previously mentioned paper, the diffeomorphisms f are
constructed in order to have a control on the ratio set rprms, f q, but without
any control on the growth sequence, the latter being crucial in exhibiting
modular spectral triples associated with non type II1 representations. On
the other hand, the asymptotic of the growth sequence is studied in several
papers, and in particular in the case of sufficiently smooth diffeomorphisms
without periodic points, in [54]. Contrary to [43], no control about the ratio
set is investigated therein. For such diffeomorphisms, we provide also a con-
trol on the growth sequence. We then extend the topic to diffeomorphisms
f with ρpf q “ α, such that α satisfies the condition (UL), by exhibiting
examples with a better behaviour of their growth sequence.
By using the terminology of [43], to which we refer the reader for further
details, we also collect some of the points listed in Proposition 2.1 in the
above paper (see also Lemma 4.1 in [24]), which are crucial for the purpose
of our analysis, in the following
Proposition 3.1. Let α P p0, 1q satisfy (L), and consider any type II8, or
IIIλ, λ P r0, 1s diffeomorphism of T, together with the corresponding ratio
set F Ă r0,`8q.
Then there exist sequences of rational numbers αn “ pnqn P p0, 1q with
ppn, qnq “ 1 for each n P N, and diffeomorphisms of the circle hn such that,
by setting H0 :“ idT, f0 :“ Rα1 , and defining recursively
Hn :“ h1 ¨ ¨ ¨ hn, fn :“ Hn ˝Rαn`1 ˝H´1n , n P N,
(i) αn Ñ α.
(ii) Rαn ˝ hn “ hn ˝Rαn , n P N.
(iii) Hn converges uniformly to a homemorphism H.
(iv) fn converges in the C
8-topology to a diffeomorphism f satisfying
f “ H ˝Rα ˝H´1, phence ρpf q “ αq.
(v) In the type II8 case, the Lebesgue measure m on T is equivalent to
an infinite measure which is invariant under the action of f , and
thus, consequently, rpf q “ t1u ” F. In the type III case, rpf q “ F.
(vi) Γnpf q “ opnq.
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(vii) If in addition α satisfies (UL), then the sequences tαnunPN and
thnunPN can be chosen such that the diffeomorphism in (iv) satis-
fies Γnpf q “ opln nq.
Proof. (i)-(v) are proven in [43].
(vi) Let tgl | l P Nu be any sequence of C1-diffeomorphisms of the circle,
and m ą l. We get
}Dgm ´Dgl} ď
mÿ
k“l`1
}Dgk ´Dgk´1}
ď
mÿ
k“l`1
`}Dgk ´Dgk´1} _ }Dg´1k ´D´1k´1}˘
“
mÿ
k“l`1
d1pgk, gk´1q ď
`8ÿ
k“l`1
d1pgk, gk´1q.
If gm converges together with its 1
st-derivative to the diffeomorphism g , by
taking the limit on the l.h.s., we get
}Dg ´Dgl} ď
`8ÿ
k“l`1
d1pgk, gk´1q.
Let g “ f n, n P Z, with f any diffeomorphism as in (iv), constructed in
Proposition 2.1 in [43]. With Cp1q the constant appearing in Lemma 2.3 of
[43] when r “ 1, by Lemma 2.3 in that paper, we obtain
d1pf nk , f nk´1q “ d1
`
HkR
n
αk
H´1k ,HkR
n
αk`1
H´1
˘
“d1
`
HkRnαkH
´1
k ,HkRnαk`1H
´1˘
ďCp1q|||Hk|||22|n||αk ´ αk`1|.
(3.1)
By the definition of Liouville number, we can choose (see pag. 1405 of [43])
an approximation pk{qk Ñ α such that
(3.2) Cp1q|||Hk|||22|αk ´ αk`1| ď 2Cp1q|||Hk|||22|α´ αk| ď
1
2k
.
By inserting (3.2) in (3.1), we get
d1pf nk , f nk´1q ď
|n|
2k
, n P Z, k “ 1, 2. . . . .
Moreover,
f nk Ñ f n, Df nk Ñ Df n, n P Z,
and thus
}Df n ´Df nk } ď
`8ÿ
l“k`1
d1pf nl , f nl´1q “
|n|
2k
, n P Z, k P N.
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By using again the triangle inequality, we argue
}Df n} ď |n|
2k
` }Df nk } ď
|n|
2k
` γpfkq ă `8, n P Z, k P N,
since fk is conjugate to a rational rotation through a diffeomorphism.
Choose now any strictly increasing sequence of integers tkm | m P Nu
such that γpfkmq ď m1{2. Then
|n|´1}Df n} ď 2´k|n|´2 ` |n|´1{2 Ñ 0.
(vii) First we note that, if (UL) is satisfied, then α is a fortiori a Liou-
ville number, hence conditions (3.4) and (3.5) in [43] (needed to construct
beforehand a sequence of diffeomorphisms hˆn such that the diffeomorphism
f has the desired type, i.e. II8 or IIIλ, λ P r0, 1s), are automatically fulfilled.
Assume (UL) with 2N instead of N . For each N P N, ε ą 0 and C ą 1,
a simple computation then yields that, if
λ ą eC2
ˆ
q2N
ε2
˙ 1
2q2N
,
then the inequality
(3.3)
ˇˇˇˇ
α´ p
q
ˇˇˇˇ
ă ε
qNepCqN q2
has an infinite number of solutions with pp, qq “ 1. Hence, for such an
α we can immediately assume the latter condition and perform the same
reasonings as in [43].
By (2.4) in [43], we have
}Df nk ´DidT} ď |||f nk |||1 ď |||Hk|||22 ď Cpk, 2q2q2Npk,2qk .
Therefore, setting
ε “ 1
2k`1Cp1qCpk, 2q2 , N “ 2Npk, 2q, C “ Cpk, 2q
2,
and
(3.4) mk :“ e
´
Cpk,2q2q2Npk,2q
k
¯2
,
we can find pk, qk P N with ppk, qkq “ 1 such thatˇˇˇˇ
α´ pk
qk
ˇˇˇˇ
ă ε
qNk e
pCqN
k
q2 ď
1
2k`1mk Cp1q|||Hk|||22
.
Now, as tqk | k P Nu is a strictly increasing sequence, also tmk | k P Nu is
strictly increasing, hence mk Ñ `8 when k Ñ `8. Thus, we can define
the following two-sided sequence
(3.5) kn :“
"
1 for |n| ă m2,
suptk | mk ă |n| ă mk`1u for |n| ě m2.
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Notice that tkn | n P Zu is a symmetric sequence and tkn | n ě 0u is non
decreasing with sup|n| kn “ `8 (hence kn Ñ `8 as |n| Ñ `8). Then for
|n| ě m2,
Cpkn, 2q2q2Npkn,2qkn ă
a
ln |n| ă Cpkn ` 1, 2q2q2Npkn`1,2qkn`1 .
Thus, we get for any n P Z, |n| ě m2,
(3.6) }Df nkn} ď
a
ln |n| ` 1.
By adapting part of Lemma 5.7 in [24] to the present case, and using the
sequence mk given by (3.4), we see that, ifˇˇˇˇ
α´ pk
qk
ˇˇˇˇ
ă 1
2k`1mk Cp1q|||Hk|||22
,
then we have d1pf n, f nk q ď 12k for any |n| ď mk`1, k P N. Indeed, again by
Lemma 2.3 in [43] (see also Lemma 5.6 in [24]),
d1
`
HRαH
´1,HRβH´1
˘ ď Cp1q|||H|||22|α´ β|,
and thus
d1pf nk´1, f nk q “d1
`
HkRnαkH
´1
k ,HkRnαk`1H
´1
k
˘
ďCp1q|||Hk|||22 |n||αk ´ αk`1|
ď2Cp1q|||Hk|||22 |n||α´ αk| ď
1
2k
for any |n| ď mk. Then
d1pf n, f nk´1q ď
`8ÿ
i“k
d1pf ni´1, f ni q ď
1
2k´1
,
whence the thesis.
Finally, proceeding as in point (vi) above, we get for any |n| ď mk`1,
}Df n ´Df nk } ď
`8ÿ
i“k`1
d1pf ni , f ni´1q “
1
2k
,
and thus, by the triangle inequality,
}Df n} ď 1
2k
` }Df nk }, |n| ď mk`1, k P N.
Now, take a sequence tmk | k P Nu as in (3.4) and a sequence tkn | n P Zu
as in (3.5), and notice that |n| Ñ `8 implies kn Ñ `8 and mkn Ñ `8,
the claim follows by (3.6) . 
To conclude this section, we show how to construct examples of such
“ultra-Liouville” numbers (UL) by following the lines in [49]. Indeed, let α
denote the sum of reciprocals of tower powers which are defined as follows:
α “
`8ÿ
n“1
1
qn
,
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where
q1 “ 2, qn “ p2nq2
qn´1
, n “ 1, 2, . . . .
As the denominator of the n-th partial sum sn of the series is qn, we see
that (3.3) holds true with sn “: pnqn and for all n satisfying
n2qn logλ 2 ě qNn
(notice that the previous inequality (3.3) is eventually satisfied). Indeed, we
have ˇˇˇˇ
α´ pn
qn
ˇˇˇˇ
“
`8ÿ
k“n`1
1
qk
ď 1p2n`1q2qn
`8ÿ
k“0
1
2k
ă 1p2nq2qn .
4. A class of states
Let µ P SpCpTqq be a probability measure on T. As shown in Proposition
2.1 of [1],
(4.1) ωµpW pfqq :“
ÿ
mPZ
qµpmqfpm, 0q
is well defined, positive and normalised, and therefore it defines a state on
A2α.
The following two results concern the faithfulness properties of the state
ωµ.
Proposition 4.1. The state ωµ P SpA2αq is faithful if and only if supppµq “
T.
Proof. Suppose supppµq ( T. Choose a continuous non zero function gˇ P
CpTq with supppgˇq X supppµq “ H. The function gˇ comes from g P C˚pZq.
By setting Gpm,nq :“ gpmqδn,0, we get
ωµpW pGq˚W pGqq “ωµpG‹ ˚2α Gq “
ż
T
dµpzq
ÿ
mPZ
zmpg‹ ˚ gqpmq
“
ż
T
dµpzq
´­g‹ ˚ g¯ pzq “ ż
T
dµpzqˇˇgˇpzqˇˇ2 “ 0.
Thus, ωµ is not faithful.
Concerning the reverse implication, we compute
ωµpW pfq˚W pfqq “
ÿ
mPZ
qµpmq`f‹ ˚2α f˘pm, 0q
“
ÿ
nPZ
ż
T
dµpzq
ÿ
mPZ
`
ze´2piıαn
˘m ´
f p´nq‹ ˚ f p´nq
¯
pmq
“
ÿ
nPZ
ż
T
dµpzq
ˇˇˇ~f p´nq`ze´2piıαn˘ˇˇˇ2 “ ÿ
nPZ
ż
T
dµnpzq
ˇˇˇ}f pnqpzqˇˇˇ2 ,
(4.2)
where µn “ µ ˝R´nα with R´nα the rotation of the angle ´2πnα.
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If ωµpW pfq˚W pfqq “ 0, then
ş
dµnpzq
ˇˇˇ}f pnqpzqˇˇˇ2 “ 0 for each n P Z. As!}f pnq | n P Z) Ă CpTq, this implies }f pnq “ 0, n P Z, identically on T since
supppµnq “ T. Then for each n P Z, f pnq “ 0 identically on Z, which means
fpm,nq “ 0, for each n,m P Z. Thus, we conclude that W pfq “ 0. 
Since A2α is simple, we now check the stronger property of the vector
state extension x ¨ ξω, ξωy of ωµ to πωµpA2αq2 to be faithful.
Proposition 4.2. Let R be the rotation of the angle 2πα on the unit circle
T, and suppose that µ ˝ R2n ĺ µ, n P Z. Then the support of ωµ in the
bidual is central: spωµq P ZpA˚˚2αq.
Proof. By taking into account Proposition 2.3, we apply Theorem 3 in [51],
which reads as follows: given a sequence tAk | k P Nu Ă A2α, if ωµpA˚kAkq Ñ
0 and ωµ
`pAl ´ AkqpAl ´ Akq˚˘ Ñ 0 imply that also ωµpAkA˚kq Ñ 0, then
spωµq is central.
Since µ2n ĺ µ for each n P Z, we can directly assume that µ2n „ µ,
n P Z. Fix a sequence tAk | k P Nu Ă A2α, with the corresponding sequence
of Fourier coefficients tfk | k P Nu given in (2.5), such that Ak “ W pfkq,
k P N. By the same computations as in (4.2) for the sequences fk and f˚k ,
we obtain respectively,
ωµpA˚kAkq “
ÿ
nPZ
ż
T
dµnpzq
ˇˇˇˇ}
f
pnq
k pzq
ˇˇˇˇ2
,
ωµpAkA˚kq “
ÿ
nPZ
ż
T
dµ´npzq
ˇˇˇˇ}
f
pnq
k pzq
ˇˇˇˇ2
.
By defining
g
pnq
k pzq :“
}
f
pnq
k
`
ze2piıαn
˘
,
we obtain
(4.3) ωµpA˚kAkq “
ÿ
nPZ
ż
T
dµpzq
ˇˇˇ
g
pnq
k pzq
ˇˇˇ2
,
(4.4) ωµpAkA˚kq “
ÿ
nPZ
ż
T
dµ´2npzq
ˇˇˇ
g
pnq
k pzq
ˇˇˇ2
.
Moreover, we have
(4.5) ωµ
`pAl ´AkqpAl ´Akq˚˘ “ ÿ
nPZ
ż
T
dµ´2npzq
ˇˇˇ
g
pnq
l pzq ´ gpnqk pzq
ˇˇˇ2
.
Suppose now that ωµpA˚kAkq Ñ 0. By (4.3), this implies that
ˇˇ
g
pnq
k
ˇˇ2 Ñ 0
in µ-measure for each n P Z. By assumption, dµ´2npzq “ dnpzqdµpzq for
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a L1-function dn with 1{dn again in L1. This implies that gpnqk Ñ 0 in
µ´2n-measure as well. In fact, let ε ą 0 be given, and define
E
pn,εq
k :“
!
z P T | ˇˇgpnqk pzqˇˇ2 ě ε) .
Notice that 0 ď χ
E
pn,εq
k
ď 1, and χ
E
pn,εq
k
Ñ 0 in L1pT, µq as k Ñ `8. By
the Lebesgue Dominated Convergence theorem, we then get for each n P Z,ż
E
pn,εq
k
dµ´2npzq “
ż
T
χ
E
pn,εq
k
pzqdnpzqdµpzq Ñ 0.
By (4.5), ωµ
`pAl´AkqpAl´Akq˚˘Ñ 0 as k, l Ñ `8, implies that !‘nPZgpnqk )
is a Cauchy sequence in
À
nPZ L
2pT, µ´2nq, hence it converges to a function
g “ ‘nPZgpnq. Thus, on one hand gpnqk Ñ 0 in µ´2n-measure, and on the
other hand ‘nPZgpnqk Ñ g in
À
nPZ L
2pT, µ´2nq. But this necessarily implies
that g “ 0. Therefore, ÿ
nPZ
ż
T
ˇˇ
g
pnq
k
ˇˇ2
dµ´2n Ñ 0,
and thus by (4.4) we get ωµpAkA˚kq Ñ 0. 
We conclude the present section by exhibiting other states associated
with measures supported on the transverse circle of T2. Indeed, fix any
probability measure ν on T and consider the measure on T2 uniquely defined
by the Riesz-Markov Representation theorem as
µνpF q ”
ż
T2
F pz, wqdµνpz, wq :“
ż
T2
F pzw,wqdνpzqdmpwq, F P CpT2q.
Concerning its characteristic function, we compute
|µνpm,nq “ ż
T2
zmwndµνpz, wq “
ż
T2
zmwm`ndνpzqdmpwq
“
ż
T
dνpzqzm
ż
T
dmpwqwm`n “ qνpmqδm`n,0.
For W pfq P A2α with f P BpZ2q with finite support, we set
(4.6) ωpW pfqq :“
ÿ
m,n
e2piıαm
2|µνpm,nqfpm,nq.
The above function would define a state on A2α. In fact, we have
Proposition 4.3. The function ω in (4.6) is positive on the unital ˚-
subalgebra of A2α given by tW pfq P A2α | f P BpZ2qwith finite supportu.
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Proof. For a finitely supported functions f P BpZ2q, put gpm,nq :“ fpm,nqe´2piıαmn.
We compute
ωpW pfq˚W pfqq “ ωpW pf‹ ˚2α fqq “
ÿ
m,n
pg‹ ˚ gqpm,nq|µνpm,nq
“
ż
T2
´­g‹ ˚ g¯ pz, wqdµνpz, wq “ ż
T2
|gˇpz, wq|2dµνpz, wq ě 0.

5. The GNS representation and the modular structure
We now proceed to the description of the GNS representation and the as-
sociated modular structure, provided that spωµq P ZpA˚˚2αq, relative to the
states ωµ described in the previous section.
Proposition 5.1. The GNS representation
`
Hωµ , πωµ , ξωµ
˘
associated with
the state ωµ in (4.1) is given by
Hωµ “
à
nPZ
L2pT, µnq,
pπωµpW pfqqgqnpzq “
ÿ
lPZ
´}f plq ˝Rn´l¯ pzq´gn´l ˝R´l¯ pzq,
pξωµqnpzq “ δn,0, z P T, n P Z.
(5.1)
Proof. We proceed first by constructing a representation of A2α, and then by
showing that it is indeed the GNS representation associated with the state
ωµ. To this aim, we start with the computations involving the generators
fpm,nq “ δk,mδl,n. In this case, by (2.4) we have
pf ˚2α gqpm,nq “
ÿ
pp,qqPZ2
δk,pδl,qgpm´ p, n´ qqe´2piıαpmq´npq
“ gpm´ k, n´ lqe´2piıαpml´nkq,
and thus­pf ˚2α gqpnqpzq “ ÿ
mPZ
gpm´ k, n´ lqe´2piıαpml´nkqzm
“
ÿ
mPZ
gpn´lqpm´ kqe´2piıαrpm´kql´pn´lqkszm´kzk
“
˜ÿ
mPZ
gpn´lqpm´ kq`R´lpzq˘m´k¸`Rn´lpzq˘k
“ `Rn´lpzq˘k­gpn´lq ˝R´lpzq.
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By recalling that tW pfq | f P BpZ2qwith finite supportu is a dense ˚-algebra
of A2α, for a finitely supported fpm,nq “
ř
k,l fpk, lqδk,mδl,n this leads to­pf ˚2α gqpnqpzq “ÿ
lPZ
ˆÿ
kPZ
fpk, lq`Rn´lpzq˘k˙­gpn´lq`R´lpzq˘
“
ÿ
lPZ
}f plq`Rn´lpzq˘­gpn´lq`R´lpzq˘.(5.2)
By performing the same calculations as in (4.2), we get for any finitely
supported f, g, h P BpZ2q,
ωµ
`
W phq˚W pfqW pgq˘ “ ÿ
nPZ
ż
T
­pf ˚2α gqpnqpzq}hpnqpzqdµnpzq,
which, together with (5.2), leads to
ωµ
`
W phq˚W pfqW pgq˘ “ ÿ
nPZ
ż
T
dµn
ˆÿ
lPZ
}f plq˝Rn´lpzqgn´l ˝R´lpzq˙}hpnqpzq.
The computation in (5.2) also yields the following two facts. First, the
cyclicity of ξωµ :
pπωµpW pfqqξωµqnpzq “
ÿ
lPZ
}f plq`Rn´lpzq˘δn,l “ }f pnqpzq,
that is tπωµpW pfqqξωµ | f P BpZ2qwith finite supportu is dense in the
Hilbert space
À
nPZ L
2pT, µnq. Second, the vector state given by ξωµ is
precisely ωµ:@
πωµpW pfqqξωµ , ξωµ
D “ ÿ
nPZ
ż
T
}f pnqpzqδn,0dµnpzq “ ż
T
}f p0qpzqdµpzq
“
ż
T
dµpzq
ÿ
mPZ
fpm, 0qzm “
ÿ
mPZ
fpm, 0q
ż
T
zmdµpzq
“
ÿ
mPZ
fpm, 0qqµpmq “ ωµ`W pfq˘.
We now set Hωµ “
À
nPZ L
2pT, µnq, and denote by Aωµ the element A P A2α
viewed as a vector in Hωµ , i.e. we identify W pfqωµ with
À
nPZ
}f pnq P Hωµ .
Finally, we look at the multilinear form on Hωµ given by@
πωµpW pfqqW pgqωµ ,W phqωµ
D “ ωµ`W phq˚W pfqW pgq˘.
The statement then follows by uniqueness, up to unitary equivalence, of the
GNS representation. 
Suppose that µ satisfies the conditions of Proposition 4.2. This means
that µ´n „ µn, n P Z. By setting
dµ´npzq “ hnpzqdµnpzq
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for the corresponding Radon-Nikodym derivative, we then have
h´npzq “ h´1n pzq, n P Z,
µn-almost everywhere.
In this case, the embedding of A2α in Hωµ is faithful. Moreover, since
W pfkqωµ Ñ 0 implies
À
nPZ
}
f
pnq
k Ñ 0 in Hωµ (see the proof of Proposition
4.2), it easily follows that, on elements x P Hωµ of the form xnpzq “ }f pnqpzq,
the map So : W pfq ÑW pf‹q given by
pSoxqnpzq “ x´npzq,
is closable. Denoting its closure by S, we have S “ J∆1{2.
Theorem 5.2. Suppose that for µ P SpCpTqq, µ´n „ µn with Radon-
Nikodym derivative dµ´n
dµn
“ hn, n P Z. Then we have for the corresponding
Tomita modular operator ∆ and conjugation J ,
D∆ “
"
x P Hωµ |
ÿ
nPZ
ż
T
|hnpzqxnpzq|2dµnpzq ă `8
*
,
and
p∆xqnpzq “ hnpzqxnpzq, pJxqnpzq “ h1{2n pzqx´npzq.
Proof. We start by determining S˚. On elements of the form xn “ }f pnq,
yn “ }gpnq for W pfq,W pgq P A2α, we compute
xS˚x, yy “xSoy, xy “
ÿ
nPZ
ż
T
xnpzqy´npzqdµnpzq
“
ÿ
nPZ
ż
T
ynpzqx´npzqdµ´npzq
“
ÿ
nPZ
ż
T
hnpzqx´npzqynpzqdµnpzq
“
ÿ
nPZ
ż
T
hnpzqpSoxqnpzqynpzqdµnpzq.
This leads to
pS˚qn “MhnSn, n P Z
which, combined with S2 Ă I (cf. 10.1 in [50]), yields
∆n “Mhn , n P Z.
Concerning the conjugation J , by taking into account that J Ą S∆´1{2 we
easily compute for elements x P Hωµ as above,
pJxqnpzq “
`
Sp∆´1{2xq˘
n
pzq “ h´1{2´n pzqx´npzq “ h1{2n pzqx´npzq.

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Concerning the spectrum of the modular operator, denote by Ressphnq
the essential range of the measurable function hn w.r.t. the measure µn. By
Proposition VIII.3.1 in [48], we easily get
σp∆q “
ď
nPN
´
Ressphnq
ď
1{Ressphnq
¯
.
As a simple application that covers also some examples dealt with in [19],
we consider the particular case corresponding to inner perturbations of the
trace. In particular, set ϕ :“ τpW pkq ¨ q with kpm,nq “ Kpmqδn,0. Notice
that, in the language of Section 4, τ “ ωµτ , where for each n P Z, µτn “
m, with m the normalised Lebesgue measure on the unit circle. A simple
application of (5.1) to
ϕpW phq˚W pfqq “ τppW phq˚W pfqW pkqq,
with gn “ W pkqτ ” πτ pW pkqq, yields ϕ “ ωµϕ with the corresponding
measures µϕn given by
dµϕn “ qK ˝R´ndm, n P Z.
6. Type III representations
In order to find out type III representations, we restrict the matter to Li-
ouville numbers. Thus, we fix an irrational number α P p0, 1{2q, tacitly
assuming that it will be a Liouville one. Our analysis also applies to the
diophantine case, providing type II1 representations which are then equiva-
lent to that of the trace.
With R the rotation of the angle 2πα, we consider an orientation preserv-
ing diffeomorphism f with ρpf q “ 2α. As f “ hf ˝ R2 ˝ h´1f for a unique
homeomorphism hf such that hf p1q “ 1, we define T :“ hf ˝ R ˝ h´1f . As
explained in Lemma 2.1, T 2 “ f , and we can set hf ” hT 2 . Notice that,
contrarily to its square f , T is merely a non smooth homeomorphism for all
the non type II1 cases treated in the present paper.
We also consider the measure µ :“ m ˝ hT 2 . Concerning the sequence of
measures µn “ µ ˝R´n, we have the following
Lemma 6.1. For each n P Z, we have µ´n „ µn with
dµ´n
dµn
pzq “ T
´nphT 2pzqqpDT 2nqpT´nphT 2pzqqq
T nphT 2pzqq
, z P T.
Proof. Since we know that m ˝ T n „ m ˝ T´n for each n P Z, we have
µ´n ”µ ˝Rn “ m ˝ hT 2 ˝Rn “ m ˝ T n ˝ hT 2
„m ˝ T´n ˝ hT 2 ” mn ˝ hT 2 “ µn,
hence µ´n „ µn.
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Concerning the corresponding Radon-Nikodym derivative, by (2.2) we
have for each n P Z and z P T,
dm´n
dmn
pzq “ dm´2n
dm
`
T´npzq˘ “ T´npzqpDT 2nqpT´npzqq
T npzq .
We then compute
dpµ ˝Rnq “dpm ˝ hT 2 ˝Rnq “ dpm ˝ T n ˝ hT 2q
“dm´n
dmn
˝ hT 2 dpm ˝ T´n ˝ hT 2q
“dm´n
dmn
˝ hT 2 dpm ˝ hT 2 ˝R´nq
“dm´n
dmn
˝ hT 2 dpµ ˝R´nq,
and the thesis follows. 
In order to determine the type of the representation πωµ , we use another
representation, unitarily equivalent to the GNS one in Proposition 5.1, which
is more convenient for our purpose. Indeed, for the Hilbert space
K :“ ℓ2`Z;L2pT, µq˘ –à
nPZ
L2pT, µq,
we define the operator V : Hωµ Ñ K as
pV gqnpzq :“ pgn ˝Rnqpzq, n P Z, z P T.
It is immediate to see that V is unitary with inverse V ˚ : K Ñ Hωµ given
by
pV ˚gqnpzq “ pgn ˝R´nqpzq, n P Z, z P T.
We can check that, after performing the above unitary equivalence in (5.1),
the GNS representation can be also written as
Hωµ “ ℓ2
`
Z;L2pT, µq˘,
pπωµpW pfqqgqnpzq “
ÿ
lPZ
´}f plq ˝R2n´l¯ pzqgn´lpzq,
pξωµqnpzq “ δn,0, z P T, n P Z.
(6.1)
The modular operator and the modular conjugation associated with the
state ωµ, necessarily of central support (cf. Proposition 4.2), such as that
described in Theorem 5.2, are then given by
p∆xqnpzq “phn ˝Rnqpzqxnpzq,
pJxqnpzq “phn ˝Rnq1{2pzqpx´n ˝R2nqpzq,
(6.2)
for each n P Z and z P T.
We now check that πωµpA2αq2 is indeed isomorphic to a crossed product.
Proposition 6.2. With the above notations, we have
πωµpA2αq2 „ L8pT, µq⋉R2α Z.
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Proof. Consider
(6.3) A :“  W pfq | fpm,nq “ F pmqδn,0, F P BpZqwith finite support(.
Notice that A is a ˚-algebra which can be viewed as a ˚-algebra of continuous
functions, norm dense in the copy of CpTq canonically embedded in A2α, and
weakly dense in πωµpAq2 „ L8pT, µq. For fpm,nq “ F pmqδn,0 as above,}f pnq “ Hδn,0 where H :“ qF P CpTq.
Consider now the natural action ρ on functions f P L8pT, µq, dual of the
rotation of 4πα, given by
ρpfqpzq :“ f ˝R´2pzq, z P Z.
By (6.1), it is immediate to show that CpTq Ă L8pT, µq are both naturally
embedded in πωµpA2αq2 as the multiplication operator by the functions
πpHqn :“MH˝R2n , n P Z.
Concerning the action of Z, we pick hkpm,nq :“ δm,0δk,n and put
λk :“ πωµpW phkqq , k P Z.
Such unitary operators act on ℓ2
`
Z;L2pT, µq˘ as the k-step shift:
pλkgqn “ gn´k, k, n P Z.
Obviously, λk “ λk, k P Z, and λ´1 “ λ˚, where λ is the one-step shift
(6.4) pλgqn “ gn´1, n P Z.
Then πpAq and tλk | k P Zu generate A2α as a C˚-algebra, and πωpA2αq2 as
a von Neumann algebra. In addition, since the crossed product condition
(see e.g. Section 2.7.1 of [10])
λkπpHqλ˚k “ πpρkpHqq, H P L8pT, µq, k P Z
is easily verified, the result follows. 
Since A2α is a simple C
˚-algebra, we recover the representation-independent
well known fact that A2α „ CpTq ⋉R2α Z, where we have denoted with an
abuse of notation, by R2α the action β on functions corresponding to the
rotation by the angle 4πα.
The main properties of the representation πωµ are then described in the
following
Theorem 6.3. For α P p0, 1{2qzQ, let f be an orientation preserving dif-
feomorphism of T satisfying (A) in Section 2 w.r.t. the rotation R2α by
the angle 4πα. Consider the measure µ “ m ˝ hf , together with the state
ωµ P SpA2αq given in (4.1).
Then πωµpA2αq2 is a hyperfinite factor acting in standard form on Hωµ ,
whose type (necessarily II1, II8, or IIIλ, λ P r0, 1s) is determined by the ratio
set rprµs, R2αq (or equivalently by rprms, f q), provided it is not of type II1.
Furthermore, for A given in (6.3), πωµpAq2 is maximal abelian in πωµpA2αq2.
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Proof. We already noticed that the Lebesgue measure m is quasi invariant
and ergodic for the natural action of f on T. Consequently, µ is also quasi
invariant and ergodic for the rotation R2 by the angle 4πα on T. By Lemma
6.1, µ satisfies the condition of Proposition 4.2, and thus πωµpA2αq2 acts in
standard form on Hωµ .
In Proposition 6.2, we have proven that πωµpA2αq2 „ L8pT, µq ⋉R2α Z.
Moreover, as the action of Z on L8pT, µq generated by R2 is ergodic, it is also
free (see e.g. pag. 363 in Section V.7 of [52]). Then by Theorem XIII.1.5 and
Corollary XIII.1.6 in [52] (see also [35, 38] for the original proofs), πωµpA2αq2
is a factor containing πωµpAq2 as a maximal abelian subalgebra. In addition,
it is hyperfinite as Z is amenable, see e.g. Theorem 4.4 of [37] or also [17].
Concerning the type, trivially πωµpA2αq2 cannot be of type I since µ is
nonatomic. It is of type II1 if and only if the measure class rµs contains a
probability measure which is invariant under the action generated by R2,
see Theorem XIII.1.7 in [52]. In this case, µ „ m and πωµpA2αq „ πτ pA2αq
by uniqueness. This always occurs when α is diophantine.
In the remaining cases, if πωµpA2αq is not of II1, its type is determined by
the Connes invariant S
`
πωµpA2αq
˘
. The assertion follows by noticing that
the last coincides with the Krieger-Araki-Woods ratio set (cf. [36]) rprµs, R2q
associated to the underlying ergodic W ˚-dynamical system
`
L8pT, µq, R2˘,
see e.g. Section 2.1 in [20]. 
Collecting together the previous theorem and Proposition 3.1, non type
II1 representations of the noncommutative 2-torus A2α can be explicitly
constructed for any Liouville number α.
7. The deformed Dirac operator
The present section is devoted to define a deformed Dirac operator associated
with one of the representations of Theorem 6.3 whose twist is associated to
the modular operator. The reader is referred to [19], where such a structure
is investigated for the type II1 case arising from inner bounded ”smooth”
perturbations of the canonical trace. As the state ωµ in (4.1) is fixed, from
now on we denote it simply by ω if is not otherwise specified.
For such a purpose, we work on the space
À
nPZ L
2pT,mq rather than onÀ
nPZ L
2pT, µq. These Hilbert spaces are unitarily equivalent, such an equiv-
alence being implemented by the unitary operator u : L2pT, µq Ñ L2pT,mq
as follows:
g P L2pT, µq ÞÑ ug :“ g ˝ h´1
T 2
P L2pT,mq.
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Under the unitary equivalence realised by the direct sum of infinitely many
copies of u, it is easy to see that, again with an abuse of notation,
Hω “ ℓ2
`
Z;L2pT,mq˘,
pπωpW pfqqgqnpzq “
ÿ
lPZ
´}f plq ˝ h´1
T 2
˝ T 2n´l
¯
pzqgn´lpzq,
pξωqnpzq “ δn,0, z P T, n P Z.
(7.1)
By (2.2) and (6.2), for n P Z and z P T, the related modular structure is
then given by
p∆xqnpzq “zpDT
2nqpzq
T 2npzq xnpzq,
pJxqnpzq “
„
zpDT 2nqpzq
T 2npzq
1{2
px´n ˝ T 2nqpzq.
We set
(7.2) δnpzq :“ dm´2n
dm
pzq ” zpDT
2nqpzq
T 2npzq , z P T, n P Z,
so that the modular operator is given by ∆ “ÀnPZMδn , Mf denoting the
multiplication operator by the function f .
After changing representation according to (7.1), on the Hilbert space
Hω ‘Hω ”
ˆà
Z
L2pT,mq
˙àˆà
Z
L2pT,mq
˙
“à
Z
ˆ
L2pT,mqàL2pT,mq˙(7.3)
we put
D :“
ˆ
0 L
L˚ 0
˙
,
where
(7.4) L “ pB1 ` ıB2q.
Here, the Bi are the partial derivatives w.r.t. the angles θi, i “ 1, 2, of
functions f
`
eıθ1 , eıθ2
˘
on the 2-torus T2, which in our context assume the
form
pB1gqnpzq :“ ızdgn
dz
pzq, pB2gqnpzq :“ ıngnpzq, z P T, n P Z.
We then compute
D “à
nPZ
Dn “
à
nPZ
ˆ
0
`
ız d
dz
´ nI˘`´ ız d
dz
´ nI˘ 0
˙
,
where each Dn “
ˆ
0 Ln
Ln˚ 0
˙
, with Ln :“ ız ddz ´ nI, acts on the direct sum
L2pT,mqÀL2pT,mq of two copies of L2pT,mq.
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For the convenience of the reader, we write down the spectral resolution
of D. By noticing that tzn | n P Zu is an orthonormal basis of L2pT,mq,
one getsˆ
0
`
ız d
dz
´ nI˘`´ ız d
dz
´ nI˘ 0
˙ ˜
a
p˘q
m z
m
b
p˘q
m z
m
¸
“ ˘
a
n2 `m2
˜
a
p˘q
m z
m
b
p˘q
m z
m
¸
if and only if a
p˘q
m “ ˘ ım´n?
n2`m2 b
p˘q
m , providedm,n ‰ 0. The eigenspace corre-
sponding to m,n “ 0 has degeneracy 2, and we can choose as eigenfunctions
the constant vectors
ε
p˘q
00 “
1?
2
ˆ
1
˘1
˙
.
The remaining cases provide simple eigenvectors, given after normalisation
by
εp˘qmnpzq “
1?
2
ˆ ım´n?
n2`m2
˘1
˙
zm, pm,nq P Z2ztp0, 0qu, z P T.
Thus, σpDq “  ˘?m2 ` n2 | m,n P N(. Finally, setting
ep˘qnm :“
à
kPZ
δn,kε
p˘q
mn P Hω ‘Hω,
we see that the orthonormal system
 
e
p˘q
nm | m,n P Z
(
is a basis for Hω‘Hω
made of eigenvectors of the untwisted Dirac operator D.
The deformed Dirac operator with twisting determined by the modular
operator, is here defined as follows. Denote ACpTq the set of all absolutely
continuous complex valued functions on the unit circle. The Sobolev-Hilbert
space H1pTq is given by
H1pTq :“  f P ACpTq | f 1 P L2pT,mq(.
For each n P Z, we put
DDσn :“ H1pTq ‘H1pTq Ă L2pT,mq ‘ L2pT,mq,
and define the (unbounded) operators
Dσn :“
ˆ
0 M
δ´1n
Ln
Ln˚Mδ´1n 0
˙
.
Then the deformed Dirac operator Dσ is defined as
(7.5) Dσ :“
ˆ
0 ∆´1L
L˚∆´1 0
˙
“à
nPZ
ˆ
0 M
δ´1n
Ln
Ln˚Mδ´1n 0
˙
“à
nPZ
Dσn,
on the domain
DDσ :“
"
ξ Pà
nPZ
DDσn |
ÿ
nPZ
}Dσnξn}2 ă `8
*
.
Proposition 7.1. The operator Dσ with domain DDσ is selfadjoint.
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Proof. We start by showing that the operators Dσn are selfadjoint on DDσn :“
H1pTq ‘ H1pTq. First, we notice that MfH1pTq “ H1pTq, whenever f P
C8pTq with 0 ă c ď fpzq ď 1{c, property satisfied by all δn, n P Z. It is
also easily seen that Dσn is symmetric on H
1pTq‘H1pTq. Then it is enough
to check DpDσnq˚ Ă H1pTq ‘H1pTq. Indeed, let η “ pη1, η2q P DpDσnq˚ with
}η} “ 1. Then for vectors ξ P DDσn of the form p0, ξ˜q and pMδn ξ˜, 0q with
ξ˜ P H1pTq, we get
|xDσnξ, ηy| “
#
|xLnξ˜,Mδ´1n η1y| ď C}ξ˜}
|xLn˚ξ˜, η2y| ď C}δn}8}ξ˜}
.
Thus, Mδ´1n η1 hence η1, and η2 are in H
1pTq, and therefore all Dσn are
selfadjoint on H1pTq ‘H1pTq.
Concerning Dσ, which is the direct sum of the Dσn, we note that it is
symmetric on DDσ . As before, it is enough to show that DpDσq˚ Ă DDσ .
Suppose η P DpDσq˚ . By considering elements of the form ξ “ ξ˜δn, ξ˜ P
H1pTq ‘H1pTq, we easily show that ηn P H1pTq ‘H1pTq for each n P Z.
By taking into account the previous facts, we compute for ξ “ pξnqnPZ P
DDσ with finite support in n, and η P DpDσq˚ ,ˇˇˇˇ ÿ
nPZ
xξn,Dσnηny
ˇˇˇˇ
“
ˇˇˇˇ ÿ
nPZ
xDσnξn, ηny
ˇˇˇˇ
“ ˇˇxDσξ, ηyˇˇ ď C}ξ}.
Therefore,
ř
nPZ
››Dσnηn››2 ă `8, that is η P DDσ . 
We want to check whether Dσ has compact resolvent. To this aim, we
see that
(7.6) Dσ “ eKDeK “à
nPZ
eKnDne
Kn ,
where
K “
ˆÀ
nPZM´ ln δn 0
0 0
˙
“à
nPZ
Kn “
à
nPZ
ˆ
M´ ln δn 0
0 0
˙
.
Notice that, for the untwisted Dirac operator we have
Dn “
ÿ
mPZ
a
m2 ` n2pP`m,n ´ P´m,nq,
where Pm`,n, Pm´,n are finite range projections with uniformly bounded range
dimension. In addition, Dn is invertible for each n ‰ 0. After defining (with
an abuse of notation)
D´10 :“ D´10 PKKerpD0q,
we see that each Dn is invertible with bounded inverse
(7.7) D´10 “
ÿ
mPZzt0u
P`m,0 ´ P´m,0
|m| , D
´1
n “
ÿ
mPZ
Pm`,n ´ Pm´,n?
m2 ` n2 , n P Zzt0u.
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This immediately yields the well known fact that D´1, and therefore the
D´1n , n P Z, are compact operators.
Concerning Dσ, after defining as before
(7.8) pDσ0 q´1 :“ pDσ0 q´1PKKerpDσ0 q,
the Dσn are invertible with bounded inverse given by
(7.9) pDσnq´1 “
ˆ
0 MδnpLn˚q´1
L´1n Mδn 0
˙
.
Therefore, Dσ has always an inverse given by
(7.10) pDσq´1 “à
nPZ
pDσnq´1
which is bounded (i.e. RDσ “ Hω‘Hω by the closed graph theorem) if and
only if
À
nPZpDσnq´1 defines a bounded operator, which happens if and only
if
(7.11) sup
nPZ
››pDσnq´1} ă `8.
As Dσ is selfadjoint, it has compact resolvent if and only if pDσq´1 is com-
pact with the convention in (7.8) for the inverse, provided (7.11) is satisfied.
For such a purpose, we are interested in the asymptotic of }pDσnq´1} for
nÑ 8, in the natural direct sum decomposition (7.10) of Dσ.
Lemma 7.2. We have
››pDσnq´1›› ď Γ|n|pT 2q|n| , n P Zzt0u.
Proof. By taking into account the definition of the growth sequence, (7.9),
(7.2) and (7.7), we get››pDσnq´1›› “ ››L´1n Mδn›› ď››Mδn››››L´1n ›› ď Γ|n|pT 2q››L´1n ››
“Γ|n|pT 2q
››D´1n ›› ď Γ|n|pT 2q|n| .

The main result of the present section is the following
Theorem 7.3. The Dirac operator Dσ in (7.5) has compact resolvent if and
only if
(7.12) lim
nÑ8
››pDσnq´1››L2pT,mq “ 0,
and if
(7.13) ΓnpT 2q “ opnq.
Proof. The proof relies on the form (7.6) of Dσ. First, it has compact
resolvent if and only if pDσq´1 is compact. As each of its direct summands
pDσnq´1 “ e´KnD´1n e´Kn is compact, it will happen if and only if (7.12)
is satisfied. Indeed, if the this holds true, pDσq´1 is compact being the
norm limit of the sequence of compact operators pDσq´1Pn, with Pn the
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orthogonal projection onto the n-direct summand L2pT,mq ‘ L2pT,mq in
Hω‘Hω. Conversely, suppose (7.12) does not hold true. Then there would
exist a sequence pξkqkPN Ă Hω ‘Hω of unit vectors such that for k, l P N
k ‰ l,
pDσq´1ξk K pDσq´1ξl,
››pDσq´1ξk›› ě ε ą 0.
Therefore, the sequence
`pDσq´1ξk˘kPN is not relatively compact.
For the second half, if (7.13) is satisfied, Lemma 7.2 leads to (7.12), and
thus pDσq´1 is compact. 
8. The modular spectral triple
The present section is aimed to build a reasonable deformed spectral triple
whose twist (i.e. the twist of the deformed commutator with the associated
Dirac operator) is constructed by using the Tomita modular operator.
To make the reasoning meaningful at the first stage, we fix any element
A P πωpA2αq2 in the set of the analytic elements w.r.t. the modular action
σω associated with the state ω (e.g. Section 10.16 of [50]), and define on the
doubled representation space Hω ‘Hω in (7.3),
ΣtpAq :“
ˆ
∆ıtA∆´ıt 0
0 A
˙
, t P R.
With a slight abuse of notation, we also define the deformed commutator as
follows:
D
σ
LpAq ” ı
“
Dσ, A
‰
σ
:“ ı`DσΣ´ıpAq ´ ΣıpAqDσ˘,
where Σz denotes the analytic continuation to z P C of the one-parameter
group t P R ÞÑ Σt P B
`
BpHω ‘Hωq
˘
.
A straightforward computation then yields
(8.1) DσLpAq “ ı
ˆ
0 ∆´1rL,As
rL˚, As∆´1 0
˙
.
Such a definition of deformed commutator would give a real map: DσLpAq˚ “
DσLpA˚q, provided that DσLpAq uniquely defines a bounded operator acting
on Hω ‘Hω. Notice also that (8.1) can be meaningful even if A is not an
analytic element.
We adopt directly (8.1) as the definition of the deformed derivation, and
look at elements A P πωpA2αq such that DσLpAq uniquely defines bounded
operators acting on Hω ‘Hω according to Definition 2.4.
Unfortunately, when dealing with the natural candidate for the deformed
Dirac operator appearing in Section 7, we meet an unavoidable obstruction
arising from the commutation relation
(8.2)
“
L, λl
‰ “ ´lλl, l P Z,
and therefore
(8.3) ∆´1
“
L, λl
‰ “ ´l∆´1λl, l P Z,
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where λ P πωpA2αq is the one-step shift given in (6.4). Due to the presence
of the unbounded operator ∆´1, the latter can never be bounded in the
type III case. This is connected with the asymmetric role of the abelian
algebras generated by the Weyl operators W pδm,kδn,0q and W pδm,0δn,lq, in
the construction of the states ω considered in Section 4. However, we can yet
exhibit the corresponding modular spectral triple associated with the Dirac
operator (7.5), which might be of interest for some possible application.
Consider the subset C0 Ă CpTq defined by
C0 :“
 
f ˝ hT 2 | f P C1pTq
(
.
For each finite subset J Ă Z, consider the functions fkpm,nq :“ xFkpmqδn,0
with Fk P C0, and gkpm,nq :“ δm,0δn,k. We define B0 Ă BpZ2q as the set of
all functions
(8.4) f :“
ÿ
kPJ
pfk ˚2α gkq, J Ă Z finite .
We also define
Aoo2α :“
 
W pfq | f P B0
(
.
By taking into account
f ˝ hT 2 ˝R2n “ f ˝ T 2n ˝ hT 2 ,
f ˝ T 2n P C1pTq provided that f P C1pTq. Therefore, Aoo2α is a unital ˚-
algebra, which is dense in A2α by construction.
Theorem 8.1. For each orientation preserving C8-diffeomorphism f of the
unit circle T with ρpf q “ 2α, the following assertions hold true.
(i) If A “ πωpW pfqq with fpm,nq :“ Gˆpmqδn,0, G P C0, then DσLpAq
defines a bounded operator acting on Hω ‘Hω.
(ii) If A P πωpAoo2αq and N P N, pPN ‘ PN qDσLpAq defines a bounded
operator acting on Hω ‘Hω, where PN is the orthogonal projection
onto
À
|k|ďN L
2pT,mq.
Proof. By Denjoy theorem, the diffeomorphism f is conjugate to the rotation
R2α as established in (A) given in Section 2.2. Therefore, f “ T 2 with
T :“ hf ˝Rα ˝ h´1f .
(i) Consider F P C1pTq and set fpm,nq :“ {F ˝ hT 2pmqδn,0. We note that
πωpW pfqqn “ MF˝T 2n . Then, setting A “ πωpW pfqq, rL,As is diagonal,
providing the multiplication by the functions
(8.5) rL,Asnpzq “ ız d
dz
F pT 2npzqq “ ızDT 2npzqpDF qpT 2npzqq.
This implies that the deformed commutator is given by the multiplication
by the functions
p∆´1rL,Asqnpzq “ ıT 2npzqpDF qpT 2npzqq,
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which are uniformly bounded in n P Z as F P C1pTq. Thus, the deformed
commutator (8.1) is meaningful for A “ πωpW pfqq as a bounded operator
acting on Hω ‘Hω.
(ii) If f is given by (8.4), then
πω
`
W pfq˘ “ ÿ
kPJ
πω
`
W pfkq
˘
λk.
The claim then follows from (i), taking into account (8.3), that PN commutes
with ∆, and finally that››PN∆´1›› “ max
nďN
ΓnpT 2q ă `8.

Therefore, concerning the naturally associated spectral triple, we have
Corollary 8.2. With the notations of Theorem 8.1, consider ω ” ωµ P
SpA2αq given in (4.1) for µ “ m ˝ hf , and L in (7.4).
(i) The triplet
`
ω, πωpAoo2αq, L
˘
satisfies (i), (ii) and (iv) of Definition
2.4, provided that Γnpfq “ opnq.
(ii) The type of the hyperfinite von Neumann factor πωpA2αq2 is deter-
mined by the Krieger-Araki-Woods ratio set rprms, f q, if it is not of
type II1.
Proof. Concerning (iv) of Definition 2.4, it easily follows from the definition
of Aoo2α, (8.5) and (8.2). The remaining part follows from Theorem 8.1 and
Theorem 6.3. 
We end the present section by noticing that, in our situation, α diophan-
tine produces always the II1 case, whereas the non type II1 is covered by
Proposition 3.1 for Liouville numbers.
9. Another proposal for the modular spectral triple
Due to the obstruction (8.3), it seems that the deformed commutator (8.1)
might not provide sufficiently many bounded operators for any reasonable
dense set of A2α. In the present section, we explain how to overcome this
unpleasant feature by modifying the definition of the Dirac operator.
To this aim, fix any orientation preserving diffeomorphism f of the circle
satisfying (A) w.r.t. a rotation by the angle 4πα, and set T :“ hf ˝Rα ˝ h´1f
(cf. Section 6). With
(9.1) L “à
nPZ
ˆ
ız
d
dz
´ anI
˙
,
and
an :“ signpnq
|n|ÿ
l“1
1
Γ
l´ 1´signpnq
2
pT 2q , n P Z,
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we define D “ÀnPZDn, where
Dn “
ˆ
0 Ln
Ln˚ 0
˙
:“
ˆ
0
`
ız d
dz
´ anI
˘`´ız d
dz
´ anI
˘
0
˙
.
The associated deformed Dirac operator assumes the form
Dσ “à
nPZ
Dσn “
à
nPZ
ˆ
0 M
δ´1n
Ln
Ln˚Mδ´1n 0
˙
“
ˆ
0 ∆´1L
L˚∆´1 0
˙
.
Notice that such Dirac operators (twisted and untwisted) coincide with the
canonical ones for the representation associated with the trace.
As in Section 7 for the untwisted Dirac operator D, we recognise that Dn
is invertible when n ‰ 0. We set (with a little abuse of notation)
D´10 :“ D´10 PKKerpD0q,
and see that each Dn is invertible with bounded inverse
D´10 “
ÿ
mPZzt0u
P`m,0 ´ P´m,0
|m| , D
´1
n “
ÿ
mPZ
Pm`,n ´ Pm´,na
m2 ` a2n
,
where Pm˘,n are the selfadjoint projections onto the corresponding sspectral
subspaces. This immediately implies that D´1n is a compact operator for
each n P Z.
The same proof as that in Proposition 7.1 shows that Dσ is selfadjoint on
the domain
DDσ :“
"
ξ Pà
nPZ
DDσn |
ÿ
nPZ
}Dσnξn}2 ă `8
*
,
where DDσn “ H1pTq ‘H1pTq for each n P Z. In addition, with
pDσ0 q´1 :“ pDσ0 q´1PKKerpDσ0 q,
all Dσn have a bounded inverse, and therefore DDσ has a bounded inverse if
and only if
sup
nPZ
››pDσnq´1} ă `8.
Finally, concerning the compactness of the resolvent of Dσ , we look at the
asymptotic of }pDσnq´1} for nÑ8 obtaining
Theorem 9.1. The Dirac operator Dσ has compact resolvent if and only if
lim
nÑ8
››pDσnq´1››L2pT,mq “ 0,
and if
ΓnpT 2q “ oplnnq.
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Proof. The proof of the first assertion proceeds exactly in the same way as
the analogous one in Theorem 7.3. For the second half, reasoning as in
Lemma 7.2, for |n| sufficiently large we have››pDσnq´1›› ď Γ|n|pT 2qř|n|
l“1
1
Γ
l´
1´signpnq
2
pT 2q
“ 1
1
Γ|n|pT 2q
ř|n|
l“1
1
Γ
l´
1´signpnq
2
pT 2q
ď 1
1
ln |n|
ř|n|
l“2
1
ln l
„ 1
1
ln |n|
ş|n|
2
dx
lnx
.
The assertion then follows since, for the logarithmic integral function,
Lipxq ě x
lnx
´ 2
ln 2
.

As in (8.1), we set for the associated deformed commutator,
(9.2) DσLpAq “ ı
ˆ
∆´1rL, As
rL˚, As∆´1 0
˙
.
We now pass to show that DσLpπωpaqq uniquely defines a bounded operator,
provided a P Aoo2α. For such A P πωpAoo2αq, we first notice that
ADL Ă DL, ADL˚ Ă DL˚
(i.e. (iv) in Definition 2.4 is satisfied). Therefore,
DDσ
L
pAq “
"
ξ, η Pà
nPZ
H1pTq |
ÿ
nPZ
`››prL˚, As∆´1ξqn››2
`››M
δ´1n
prL, Asηqn
››2˘ ă `8*.
We then get the following
Theorem 9.2. If A P πωpAoo2αq, then the deformed commutator (9.2) uniquely
defines a bounded operator acting on Hω ‘Hω.
Proof. By taking into account the commutation rule
rL#, ABs “ ArL#, Bs ` rL#, AsB,
where L# stands for L or L˚, we can reduce the matter to the algebraic
generators of Aoo2α.
First, for A “ πωpW pfqq with f as in (i) of Theorem 8.1, we haveDσLpAq “
DσLpAq for L given in (7.4), and thus the claim follows.
Second, for A “ λ the one-step shift given in (6.4), together with its
adjoint λ´1, we first note that for each n P N,
Γn`1pT 2q{ΓnpT 2q, ΓnpT 2q{Γn`1pT 2q ď Γ1pT 2q,
which can be checked by the simple formulas
Df n`1 “ Df ˆ `pDf nq ˝ f ˘, Df n´1 “ Df ´1 ˆ `pDf nq ˝ f ˘.
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For each n P Z, we notice that
|an´1 ´ an| “ 1
Γ|n|pT 2q
,
and then compute››`∆´1rL, λsg˘
n
›› “ ›››pan´1 ´ anqMδ´1n `λg˘n›››
ď|an´1 ´ an|Γ|n|pT 2q}g} “ }g},
with the analogous one››`rL˚, λs∆´1g˘
n
›› ď |an´1 ´ an|Γ|n´1|pT 2q}g} ď Γ1pT 2q}g}.
The formulas for λ´1 follow from the previous ones by taking the ˚-operation.
Hence, DσLpλq defines a bounded operator as well. 
Corollary 9.3. With the same notations in Theorem 8.1, consider ω ”
ωµ P SpA2αq given in (4.1) for µ “ m ˝ hf , and L in (9.1).
(i) The triplet
`
ω, πωpAoo2αq,L
˘
satisfies (i)-(iv) of Definition 2.4, pro-
vided that Γnpfq “ oplnnq.
(ii) The type of the hyperfinite von Neumann factor πωpA2αq2 is deter-
mined by the Krieger-Araki-Woods ratio set rprms, f q, if it is not of
type II1.
Proof. It immediately follows collecting together Theorem 9.1 and Theorem
9.2. 
Therefore, by Proposition 3.1 we can thus exhibit non type II1 modular
spectral triples of the noncommutative torus A2α satisfying all requirements
in Definition 2.4, provided that α satisfies the fast approximation property
(UL).
10. Outlook
For the convenience of the reader, we end the present paper by writing down
a list, which is very far from being complete, of some open questions related
to the analysis carried out in the present paper.
(a) We point out that the analysis concerning all natural properties en-
coded in the new spectral triples introduced in the present paper in
a type III setting, deserves a detailed investigation as explained in
[19, 53]. As a first step, we mention the definition/construction of
the related (probably even twisted) Fredholm modules.
Concerning the properties of the orientation preserving diffeomorphisms f
of the circle as those considered in the present paper, the construction
of non type II1 representations and the corresponding modular spectral
triples relies on the combined control of two crucial properties: the ratio
set rprms, f q of the classical dynamical system pT, f ,mq, and the growth
sequence Γnpf q. As intermediate results of self containing interest, we have
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shown that Γnpf q “ opnq for all diffeomorphisms in Proposition 2.1 of [43].
Moreover, if the involved Liouville number α satisfies the faster approxima-
tion condition pULq introduced in Section 2, it is possible to construct by
the same methods as in [43], diffeomorphisms f of the unit circle such that
the ratio set rprms, f q is of preassigned kind, and in addition Γnpf q “ oplnnq.
We argue that the analysis of [43], on which Section 3 is based, might be
further extended as follows.
(b) For each positive monotone sequence bn Ñ `8 and ratio set of
preassigned type F, there would exist a set of Liouville numbers
α P p0, 1q (indeed a dense set in r0, 1s depending on the sequence
pbnqn) and a set of diffeomorphisms f of the circle fulfilling (A), for
which rprms, f q “ F and Γnpf q “ opbnq.
In this way, we would also provide a generalisation of Theorem 2 in [54],
which asserts the control on the growth sequence without any control on
the ratio set.
For orientation preserving diffeomorphisms f of the circle as above, with
the property that ρpf q “ α for an irrational number α, we have looked at
the unique invariant measure µf given in (2.1). Denote by Fα the set of such
diffeomorphisms, and for d P r0, 1s,
Sdα :“
 
f P Fα | dimHpµf q “ d
(
,
where dimH stands for the Hausdorff dimension, see e.g. [44]. It is well
known that dimHpµf q ă 1 implies that µf K m, and thus f is not of type
II1.
(c) It would be of interest to prove or disprove at various levels the
following conjecture that links the Hausdorff dimension of the unique
invariant measure to the ratio set:
f P S1α ðñ f is of type II1,
f P ŤdPp0,1q Sdα ðñ f is of type II8,
f P S0α ðñ f is of type III.
Concerning diophantine numbers α P p0, 1q, the method developed in the
present paper might suggest the way to construct non type II1 representa-
tions, together with the corresponding modular spectral triples. As we have
previously shown, the construction of modular spectral triples with the de-
sired properties is based on the fact that the Borel automorphisms of [39]
have to be sufficiently smooth. It relies on the knowledge of the asymptotic of
the growth sequence of such diffeomorphisms. The natural candidates would
be orientation preserving (non sufficiently smooth) C1-diffeomorphisms f of
the circle with ρpf q “ α which are topologically transitive, and therefore
satisfy (A) for hf a non smooth homeomorphism. More precisely,
(d) for diophantine numbers α P p0, 1q, to construct examples of such
C1-diffeomorphisms for any given type II8, and IIIλ, λ P r0, 1s,
together with an appropriate control of the growth sequence.
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Finally, we would like to mention the following potential applications to the
physical scenario.
(e) There might be possible applications of the new non type II1 repre-
sentations in the context of the quantum Hall effect, see e.g. [2, 46].
(f) We also note the possible generalisation of the present analysis to
arbitrary CCR algebras based on a locally compact abelian group
equipped with a symplectic form (cf. [57]), and in particular to those
describing physical systems with finite degrees of freedom.
11. Appendix
The dense ˚-algebra Aoo2α appearing in the definition of the modular spectral
triple associated with the noncommutative torus cannot be closed under the
entire functional calculus. For untwisted spectral triples, the algebra of the
functions for which the derivation generated by the associated (untwisted)
Dirac operator provides a bounded operator, can be enlarged to include at
least the smooth (i.e. C8) functional calculus, see e.g. [7]. Unfortunately,
there is no investigation for the same question relatively to general twisted
spectral triples. Therefore, we will show how to enlarge the algebra Aoo2α in
Corollary 9.3 in order to satisfy such a requirement, perhaps expected, of
smoothness.
Consider f P BpZ2q such that W pfq P A2α. For k P N, l “ 0, 1, define the
following sequence of seminorms
(11.1) ρk,l
`
W pfq˘ :“ sup
nPZ
!
p|n| ` 1qk
›››Dl ´}f pnq ˝R´n ˝ h´1T 2 ¯›››8) ,
provided }f pnq ˝R´n ˝ h´1
T 2
P C1pTq, n P Z. Define
Ao2α :“
"
W pfq | ρk,l
`
W pfq˘ ă `8, k P N, l “ 0, 1*.
The algebra Ao2α will play the role of the algebra of the “smooth” functions
A in Definition 2.4. Notice that, in the more interesting cases when the
homomorphism hf in (A) of Section 2 (where f “ T 2 with ρpf q “ 2α
as usual) is not smooth, which necessarily happens in non type II1 cases,
the “smooth” generator of the “coordinate functions” acting on L2pT,mq is
Mz “ πωpW pf1qq, with
f1pm,nq “ phf pmqδn,0 ,
instead of
πωpW pf2qq “Mh´1
f
pzq,
with f2pm,nq “ δm,1δn,0. If hf is smooth (i.e. for the type II1 case), both
functions generate dense ˚-algebras of the smooth functions. In the non
type II1 cases, both generators generate the maximal abelian subalgebra
consisting of a copy of the algebra of continuous functions CpTq in πωpA2αq.
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But the “coordinate function” corresponding to πωpW pf2qq generates an
algebra that acts through functions which are not smooth as expected.
We now provide some preparatory results.
Lemma 11.1. Aoo2α Ă Ao2α is dense in Ao2α in the locally convex topology
generated by the collection of seminorms tρk,l | k P N, l “ 0, 1u given in
(11.1).
Proof. For W pϕq P Ao2α, then}ϕpnq “ Hn ˝ hT 2 ˝Rn, n P Z,
where tHn | n P Zu Ă C1pTq. Let fkpm,nq “ {Hk ˝ hT 2pmqδn,0 for each k P Z,
and define as in (8.4), ϕN :“
ř
|k|ďN fk ˚2α gk, N P N, where gkpm,nq :“
δm,0δn,k. We then get
ρk,l
`
W pϕ´ ϕN q
˘ “ sup
|n|ąN
!
p|n| ` 1qk
›››Dl ´}f pnq ˝R´n ˝ h´1T 2 ¯›››8)
ď
sup|n|ąN
!
p|n| ` 1qk`1
›››Dl ´}f pnq ˝R´n ˝ h´1T 2 ¯›››8)
|N | ` 1 ď
ρk`1,l
`
W pϕq˘
|N | ` 1 .
Therefore, ρk,l
`
W pϕ´ ϕN q
˘ Ñ 0 whenever N Ñ `8, for each fixed k P N,
l “ 0, 1. 
Lemma 11.2. For each k P N, there exists a constant Bpkq ą 0 such that
ρk,0
`
W pf ˚2α gq
˘ ď Bpkqρk_2,0`W pfq˘ρk_2,0`W pgq˘,
ρk,1
`
W pf ˚2α gq
˘ ď Bpkq`ρk_2,1`W pfq˘ρk_2,0`W pgq˘ ` ρk_2`2,0pfqρk_2,1pgq˘.
Proof. Fix two positive sequences
tfn | n P Zu, tgn | n P Zu Ă r0,`8q.
For each m ą 1, we get
p|n| ` 1qkpf ˚ gqpnq “
ˆ
sup
nPZ
p|n| ` 1qmfn
˙ˆ
sup
nPZ
p|n| ` 1qmgn
˙
ˆp|n| ` 1qk
ÿ
rPZ
p|r| ` 1q´mp|n´ r| ` 1q´m.
As the above identity is symmetric under the exchange n Ñ ´n, we can
reduce the proof to positive numbers. Moreover, as we must check the
behaviour for large n, first we split the sum in various pieces by solving the
modulus, and then estimate each piece with integrals, thus obtainingÿ
rPZ
p|r| ` 1q´mp|n´ r| ` 1q´m « 2pn` 1qm `
ż ´1
´8
dx
rxpx´ nqsm
`
ż n´1
1
dx
rxpn ´ xqsm `
ż `8
n`1
dx
rxpx´ nqsm .
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The first integral leads toż ´1
´8
dx
rxpx´ nqsm ď
1
pm´ 1qpn ` 1qm .
Concerning the third one, we easily get the same estimate as before after an
elementary change of variables:ż `8
n`1
dx
rxpx´ nqsm ď
1
pm´ 1qpn ` 1qm .
It remains to estimate the second integral which, after a change of variables,
becomes ż n´1
1
dx
rxpn´ xqsm “
1
n2m´1
ż 1´1{n
1{n
dx
rxp1´ xqsm .
We get
nk
ż n´1
1
dx
rxpn´ xqsk_2 ď Kpkq.
Collecting the terms together, we obtain the first inequality for some B1pkq.
The second inequality follows after differentiating (5.2). In fact, first we
may assume without loss of generality that the sum is finite (by restricting
to a dense set). Second, by taking into account that R2r ˝ h´1
T 2
“ h´1
T 2
˝ T 2r,
r P Z, and }DT 2r} ď Cr2 (cf. Theorem 1 in [54]), we compute››››D„ ­pf ˚2α gqpnq ˝R´n ˝ h´1T 2 ›››› ďÿ
lPZ
›››D ´}f plq ˝R´l ˝ h´1T 2 ¯››› ›››­gpn´lq›››
`
ÿ
lPZ
›››}f plq››› ›››D ´­gpn´lq ˝Rl´n ˝ h´1T 2 ˝ T´2l¯›››
ď
ÿ
lPZ
›››D ´}f plq ˝R´l ˝ h´1T 2 ¯››› ›››­gpn´lq›››
`C
ÿ
lPZ
l2
›››}f plq››› ›››D ´­gpn´lq ˝Rl´n ˝ h´1T 2 ¯››› .
The claim then follows by setting Bpkq :“ B1pkqp1 _ Cq. 
Proposition 11.3. Ao2α Ă A2α is a dense ˚-algebra closed under the entire
functional calculus.
Proof. By Lemma 11.2, it follows immediately that Ao2α is an algebra which
is automatically closed also under the star operation since ­pf‹qpnq “ ~f p´nq.
Since Aoo2α Ă Ao2α and the former algebra is dense in A2α by Lemma 11.1,
the latter algebra will be dense as well.
Let now
F pwq “
`8ÿ
r“0
Frw
r
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be an entire function. Denoting by f˚2α,n the n-times twisted convolution,
we write
F
`
W pfq˘ “ `8ÿ
r“0
FrW pf˚2α,rq “W pGq,
with
G :“
`8ÿ
r“0
Frf
˚2α,r.
We define |F |pwq :“ ř`8r“0 |Fr|wr, and observe that |F | is entire as well, and
that |F |rr0,`8q is positive. We then obtain, again by Lemma 11.2,
ρk,0
`
W pGq˘ ď 1
Bpkq
`8ÿ
r“0
|Fr|
`
Bpkqρk_2,0
`
W pfq˘˘r “ |F |`Bpkqρk_2,0`W pfq˘˘
Bpkq ,
ρk,1
`
W pGq˘ ďρk_2,1pfq `8ÿ
r“1
r|Fr|
“
Bpkq`ρk_2,0`W pfq˘_ ρk_2`2,0`W pfq˘˘‰r´1
“ρk_2,1pfq|F |1
`
Bpkq`ρk_2,0`W pfq˘_ ρk_2`2,0`W pfq˘˘˘.

The following result formalises the fact that if a P Ao2α, then DσLpπωpaqq
uniquely defines a bounded operator.
Proposition 11.4. If W pfq P Ao2α, then››DσL`πωpW pfq˘›› ďˆ ÿ
nPZ
1
p1` |n|q2
˙
ρ2,1
`
W pfq˘
`Γ1pT 2q
ˆ ÿ
nPZ
|n|
p1` |n|q3
˙
ρ3,0
`
W pfq˘.
Proof. By Lemma 11.1, Aoo2α is dense in A
o
2α in the locally convex topology
generated by the seminorms (11.1). It is then enough to prove the assertion
for elements in the former set which, for any arbitrarily large but finite
subset J P Z, have the form
A “
ÿ
kPJ
πωpW pfkqqλk,
where fkpm,nq “ xFkpmqδn,0, Fk P C0 (i.e., Fk “ Hk ˝ hT 2 with Hk P C1pTq).
Indeed, in this case A “ πωpW pfqq, with fpm,nq given by (8.4), and}f pnq “ Hn ˝ hT 2 ˝Rn, n P Z,
as explained in the proof of Proposition 11.1. We also notice that L “ L1`L2
with
rL1, λs “ rL2, πωpW pfkqqs “ 0,
rL2, λks “
k´1ÿ
s“0
λsrL2, λsλk´s´1, k ą 0,
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and the analogous one for k ă 0. By taking into account the definition of ∆
and L, we straightforwardly conclude that››∆´1rL, As›› ď ÿ
nPJ
}DHn}8 `
ÿ
nPJ
|n|}Hn}8.
Reasoning as the proof of Theorem 9.2, we obtain››rL˚, As∆´1›› ď ÿ
nPJ
}DHn}8 ` Γ1pT 2q
ÿ
nPJ
|n|}Hn}8,
and the assertion follows. 
We end by noticing that Proposition 11.3 and Proposition 11.4 can be
viewed as the counterpart of (ii) in Example 6.5 of [6] for the twisted exam-
ples under consideration.
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